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Abstract

Theoretical expressions for the local values of six types
of normalized R indices applicable to truncated data are
derived for a centrosymmetric crystal by taking the
model structure to be of the imperfectly related
incomplete type. These indices are tabulated as func-
tions of o, and y,. These results can be used to obtain
the overall values of the R indices applicable to
truncated data which is characterized by a given value
of y,.

1. Introduction

Values of different types of discrepancy indices (i.e. R
indices) have been worked out in the literature for a
number of crystallographic situations, such as crystals
with similar atoms, crystals with heavy atoms, crystals
with pseudo-symmetry in the atomic distribution, efc.
(for details see Srinivasan & Parthasarathy, 1976, and
the review of Parthasarathy, 1975). These results were
obtained under the assumption that all the independent
reflections in a given range of (sin /1) (e.g. Cu Ka
sphere) are available in the data. However, in actual
crystals, the observed intensity of a certain percentage
of reflections may be negative and many crystallog-
raphers truncate the data sets by omitting such
reflections as well as those whose net counts are less
than one to two times the standard deviation of this
value (Stout & Jensen, 1968). Hence, it would be useful
to evaluate theoretically the overall values of the
various R indices applicable to such truncated data,
wherein the reflections for which y, < », (=\/z_,) are
omitted.t In this series of papers we shall therefore
derive the theoretical expressions of the various R
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T For convenience, we shall refer to the data which consist of all
the theoretically possible independent reflections within a given
region of (sin 6/4) as the complete data and the data which exclude
the reflections for which y, < y, as the truncated data.
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indices corresponding to different crystallographic
situations and show how these results could be used to
compute their theoretical overall values. Since the
various indices behave differently under different
situations (Parthasarathy & Parthasarathi, 1975;
Parthasarathi & Parthasarathy, 1977; PP, 1977 here-
after), we shall deal with all the R indices in this series.

In this series we shall mostly follow the notations
used in chapters 5 and 6 of Srinivasan & Partha-
sarathy (1976; hereafter SP, 1976). We shall use the
abbreviations C and NC to denote the centro-
symmetric and non-centrosymmetric cases re-
spectively. We shall denote the joint probability density
function (joint p.d.f. hereafter) of the normalized
structure amplitudes y, and y§ valid for the complete
data by P(y,,ys) and that valid for the truncated
data by P/(y,.y5). For convenience we shall refer to
P(ynys) as the truncated distribution function. The
expectation value of f{y,,y%) for the truncated data
will be denoted by {f(yy.»$)), and that for the
complete data by { f{y,.y5)).

The experimental value of an R index is usually
computed by taking all the independent observed
reflections as a single group. We refer to the value of the
R index thus obtained as the overall value of the R
index. A number of factors, such as the positional
errors in the atoms in the model, lack of similarity of
the atoms in the unit cell, efc., cause the value of an R
index for a general model to vary with sin 8/4. The
theoretical evaluation of the overall value of an R index
is therefore generally carried out in two stages; namely,
(i) evaluation of the R index in different narrow regions
of sin /A (within which the atomic scattering factors
can be treated as constant) and (ii) evaluation of the
overall value by taking care of the factors which change
with sin /4 (e.g. atomic scattering factors) and by
giving proper weights depending on the number of
observed reflections in the various ranges. We shall
therefore refer to the value of an R index calculated
using reflections in a narrow range of sin 8/4 as a local
value of the R index in order to distinguish it from its
overall value. The overall value of an R index will be
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denoted with a bar over the corresponding symbol,
while the local value of the index will be denoted
without the bar. _

In this paper we shall obtain, for a centrosymmetric
crystal, the theoretical expressions for the local values
of the six normalized R indices,* viz. R,(F), R,(1),
R (F), gR,(I), R{(F) and R{(I) and show how these
could be used to evaluate the overall values of these
indices.

2. Derivation of the theoretical expressions for the
overall values of the normalized R indices

2.1. Preliminary results

We shall presently explain the general notation and
nomenclature regarding the overall values of different
types of R indices computed for truncated data by
taking the conventional normalized index R,(F) as an
illustrative example. The corresponding results for the
other indices can be similarly obtained.

The overall value of the conventional normalized
index R,(F) applicable to the complete data is defined
to be (SP, 1976)

SFyl —IFgi/ay|
R(F)=" , (1)

S IF,l
hki

where the summation is over all the theoretically
possible independent reflections within a given (sin 8/1)
ranget (0 < s < S,,,,, say), | F§! is the magnitude of the
calculated structure factor of the trial structure consist-
ing of P out of N atoms in the unit cell and | F,| is the
magnitude of the structure factor of the crystal
structure. Here o3 is defined to bet

ot =IF§1%/{IFy1*) = 6}/03. ()
For a structure with similar atoms
o= P/N, 3)

which is a constant independent of sin 8/4. The overall
value of this index computed with the truncated data is

* We shall not consider the indices R*(F) and R*(J) since R{(F)
and R{(I) are somewhat better than the former two (PP, 1977).

t We shall use s to stand for sin /1. S,,,, is the maximum value
of s for the given data.

t We shall denote 1 — a2 by o2.
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denoted by [R ,(F)], and is defined to be

St|IFyl — | FSl/ay
hki

[R](F)]t = ’ (4)

SUF,]
hkl

where D,,, means that the summation is over the
independent reflections of the truncated data in the
range 0 to S,,. In our theoretical studies, it is
convenient to use the normalized variables y, and y§
defined by

vy =|Fyl/oy, s = |F§l/op. %)

Making use of (5), we can rewrite (4) as
Dtoylyy—51
_ Rk
[R,(A)),=———. (6)
20Ny
Akl

If the reflections are divided into groups based on the
values of s, we can rewrite (6) as

Z Z'UNsrlyN_y;lsr
[R(F)], == , (7
Z Z’oNsryNsr

where the summation over r is carried out over the
reflections in a given range of sin #/4 and over s is
carried out over the various ranges into which the
inverval 0 to S . has been partitioned. Here oy,
denotes the value of gy, for reflection r in the range s. If
the sin 6/A ranges are sufficiently narrow, we can take
the values of o, for the different reflections in the
range s to be the same (o, say). We can therefore
rewrite (7) as

Z Ons ztlyN_yf’lsr

[R(F)), == , ®)
Z oNs Z' yNsr

If n, is the number of observed independent reflections
in the range s in the truncated data we can write (8) as

z Ons ns[<|yN—y§|>s]t
[R 1(F)]t - > s (9)

Z oNs ns[<yN>s]t

where [{lyy — ¥51),], and [{yy),], denote respectively
the expectation values of lyy — y5l and y, for the
observed reflections in the range s of the truncated data.
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Table 1. Definition of the overall values of various normalized R indices for truncated data and related results

Notation for Overall value of the index
the overall Definition of the local value of the
value of the Equivalent unnormalized indices based on the
Number Name of the R index index Definition* expression normalized variables y, and y§
_ t _ lyy— Vsl
1 Conventional index [R(F)), ZI|\Fyl - IF5l/0)] ZSsn R, (R, = M
based on F 2IFy > Jin Y
2 Conventional index (R, (1)), 2ty — Ig/o% 2 inR,(2)), R, _ {a—OR2D,
based on I Y1, >.Sin, Vi
- ( _|F¢ 2 2 ye)2
3 Booth-type index [BRI(F)L Z (!FNI |Fp|/a|) Z,f, n,[DR.(y)], [BRl(y)]r _ <(yN yP) >l
based on F SHF,? > f2n, 6772
_ _ 1o /A2)2 2 (ye)2)2
4 Booth-type index [zR (D), M /3 nlsR (2, R(2), = M
based on / 23 > fin, (YA
— e
5 Fractional-type [RYF), 1 X IFyl — IF§l/a, > n[RY, (RI0), =» < In J’: >
index based on F Ny [(IFyl + IFSl/0,)/2 Yon, IntIp | S
o — J¢/g? S 2 _ (pC)2
6 Fractional-type [RYD), i St Iy I3/o} Z, n,[Ri)l, [R4(2)], =2 < w >
index based on / N, Iy + Is/6%)/2 2 g i+ (¥erl /.

* The summation > ¢ is over the independent reflections of the truncated data. The summation 3 s is over the different narrow ranges

of sin 6/4,. N, is the number of reflections in the truncated data.

Since [{yy),], is a property of the structure but not of
the model and since for a structure with similar atoms¥
the p.d.f. of y, is independent of s (Wilson, 1949), it
follows that [{yy )], will depend only on y,. Hence we
can write [(yy),], simply as [(yy)],. We can therefore
rewrite (9) as

Z ns aNs[Rl(y)]l
[R,(F)l, =, (10)
Z ns Ons
where [R,(y)], is defined to be
lyy— 5!
[R,()], = [y — o)), an

(Kwdl;
We refer to [R,(»)], as the local value of R,(»)
calculated with the observed reflections ir\l/a_particular

range s. For equal-atom atructures, g, = \/Nf. We can
therefore rewrite (9) as

Zfs ns [Rl(y)](

[Rl(F)]t= -
2 fing

(12)

* For a structure with heavy atoms the p.d.f. of y involves the
parameter of. Since o7 is a function of s, it follows that |{yydl,
could also depend on s.

It is clear from (12) that we can evaluate the overall
value [R (F)], for the truncated datain 0 < s < S, if
we know, corresponding to the various ranges of s, the
values of the scattering factor of the atom, the number
of independent reflections in the truncated data and the
local values of [R,(¥)],. Of these, f; and n, for a given
crystal are known quantities; we shall show in the rest
of this paper how the local values [R,(y)], and those for
the other normalized R indices can be obtained
theoretically.

As stated earlier, the above considerations can be
carried over to the other five normalized R indices. The
final expressions which are the analogues of (12) are
hence listed in Table 1 without derivation.

2.2. Derivation of the joint p.df. of y, and y$ for the
truncated data

It is seen from columns 5 and 6 of Table 1 that the
overall values of the various normalized R indices can
be calculated if we obtain the expectation values of
simple functions of y, and y$. Thus the overall values of
these R indices can, in principle, be evaluated if we
know the joint p.d.f. of y, and y¢ for the truncated data,
i.e. the function P,(yy,»%). It is clear that the function
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P(yy,y5) is related to the function P(yy,y5) by

1
P(yn-y5) = 5 P(yw,y5)s yisyy<oo  (13)
0<y;< oo,
where f* is given by
B=1[ | P(yy.y5) dyndys. (14)

y 0

The function P(y,,yS) for the C case is known to be
(SP, 1976)

2 [y2 + (yr.‘)Z]
Py ) = — exp [—L—z—"——
TOg 203
0- c
x cosh [—AM],
Op
0<yy<oo, 0 < y$ <oo, (15)
where
ol +o2=1, o,=0,D (16)
7[3
D=exp -7 TH\2(4r)? ), \H1=2s5.  (17)

Making use of (15) and (16), we have shown {in the
Appendixt [see (4-10)1} that S is given by

Be = erfc (y,/1/2). (18)
From (13) and (15), we obtain
) 2 [y + (501
Py, pS) = _
(Vs V5) Boon exp l 707
C
N cosh[ 04 yNYP] ,
Op

Ve =Yy < 0, 0 <ys < 0. (19)

2.3. Derivation of the theoretical expressions for the
local values of normalized R indices applicable to
truncated data

Index [R,(y)], From the definition of [R,(»)], in
Table 1, we have

1 o 0]
f f lyy— 5! P(yn,y5) dyy dvs,
[i]

[R)], =
) <J’N>ryt

20)

* Since the function P(yy, y5) for the C and NC cases is different,
B will be different for the two cases. Hence, the quantity appropriate
to the C and NC cases will be denoted by S and S, respectively.

+ This appendix has been deposited with the British Library
Lending Division as Supplementary Publication No. SUP 35848 (7
pp.). Copies may be obtained through The Executive Secretary,
International Union of Crystallography, 5 Abbey Square, Chester
CH1 2HU, England.
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where P(yy.y5) is given by (19). Making use of (13),
we can rewrite (20) as

W) [ 1 PF
RON=205 1py — Y51 P(IysVs
ﬂc()ﬁv)z (yN)of(.f Y Yp (yNyp)
1 Yt 0O
dyy dys — e
O <yN>J!yN Yp

X P(yy,y5) dyy dyf»] . 2n

The first term within the square brackets in (21)

represents (lyy — y5!)/{yy), which by definition is

R ,(3). It has been shown that (SP, 1976)
R,(=020+ o2+ 21 — a2 —-2. (22)

Making use of the known result that (yy) = \/2/n
(Wilson, 1949) and the expressions for 8. [see (18)] and
{yn), see (4-11)], we can rewrite (21) as

P y: ©
[R,()], = exp 0?/2)[1?101)— Eofoflyzv—yﬁ'

X P(yy,y%) dyy dyf»] . (23)

It is convenient to change the variables of integration to
u and v where

u=yy/(1 +yy) and v=p5/(1+y5). (24)
Thus, we obtain
[R,(N],=exp (»3/2) [Rl(y)
- y/(1+y) 1 " v
‘ﬁ f f i—u 1-v
0 0
u v
X P ,
(1 —-u 1-v )
« du do (25)
(1—u? (1=

Here, Plu/(1 — u), v/(1 — v)] means that in expression
(15) for P(yy, %), yy is to be replaced by u/(1 — u) and
Y5 by v/(1 —v).

" Index (R,(z)],. From the definition of [R,(z)], in
Table 1 we have

1 a0 00
(Ri@), == [ [ 3= 09 PO 3 diy 5.
<yN>tyl ;
(26)
Following the method used for [R,(y)], and using
(4-13) and the definition (see SP, 1976)

R(2)=lzy— 251 = (ly2 — (5P,



476

we can rewrite (26) as

[Ry(2)],= [Rl(Z) - f}o vy — 8!

00

X P(yy» ¥5) dyy dyi]

x B+ \/(2/7) y,exp (=p} /D171 (27)
It is known that {SP, 1976)

R(@)=-

Making use of the substitution (24), we can rewrite (27)
/(149 1

as
u 2
[Rl(z)1,=[R,<z)— f f (l—u)
) =)
_ P ,
1—v l—u 1—-v

du dv ]

(28)

X A—-uw? (-2
X [Be + /@2/m) y,exp (—p3/2)]71. (29)

Index [zR,(»)], From the definition of [,R,())],
given in Table 1 we can obtain

<y1%l>t + <(y§)2>z_
e

Substituting for (¥3),, ((¥$)?), and {yy)5), from
(A-13), (4-18) and (4-23) respectively and simplifying
the result with (16), we obtain

2 c
LR, = N Vi) .

(30)

[BRl(y)]t: [BRl(y) + 2(ﬁc -1

+vVQ@2/m)y, (1 + ) exp (—1?/2)
4
—- [o},[exp (—y*/20%) — 1]

yi/2

— 0y \/; J \/;eXP (—u)
0

x erf(Z—: \/E) du}]

X [Be + /@/m) y,exp (=D, (31)
zR,(»in (31) is given by (SP, 1976)
sR1(¥) =y _y2)2>/<y12v> =(On -8
=2——[gg+ a,sin7! (g ). (32)
T

DISCREPANCY INDICES FOR TRUNCATED DATA. I

Index [4R,(2)], From the definition of [;R,(2)],
given in Table 1 we can write
e+ K0P — 2R,
e

Substituting for {(y%>, ((b5)*), and (Y% (¥5)*), from
(4-195), (4-22) and (A4-24) respectively and simplifying,
we obtain

[sR,\(2)], =

[sR,(2)], =

(33)

{zR.(2) + \/Q2/m) (1 — 62) (»,/3Bc)

x exp (—=y2/2)[(1 + y?)

+ 0633 =y 1+ Q1) (,/38,)
X (3 + y?) exp (—p2/2)! (34)

In obtaining (34) we have used (16) as well as the result
(SP, 1976)

R\(2)= %O'zzr (35)

Index [R{(»)],. From the definition of [R{(»)], given
in Table 1, we can write

In—Vp

Pt(yN’y;) dyydys. (36)

P

With (13) we can rewrite (36) as

[RI(»), =ﬁi [2 fw fw

A

X P(yp,y5) dyy d)‘)ﬁ]-

In— Vb c c
" P(yy,y5) dyy dys
In+Vp

)’N—)’fz

Int Ve

(37

The first term within the square brackets represents
R{(y) (see PP, 1977). Making use of the trans-
formation (24) in the integrals occurring as the second
term on the right-hand side of (37), we obtain

y/(1+y) 1

u
j(l—u
0 0
v »ﬁ u . v )
1—v 1—u 1—v
)
x P s
1—u 1—-v

du dv
“U—ur —vp|

(R, =

|-

Cc

(38)
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Following the same procedure as that used for [R{(»)],

we can show that (40) becomes

R{(y) has been shown to be (PP, 1977)

2

|

u

1—u

[

v/(1+y) 1

I

0

[R{(z)—Z

1

[RI(2)],=

{l(1+ 0)/(1 —a)IV*In [2/(1 + a,)]

2
n

R{p) =

Bc

(39)

(1 —o)/(1 + 6] 1In [2/(1 — o]}

sl

Index [R{(z)],. From the definition of [R{(z)], given

in Table 1 we can write

—~~~
—
—_ <
v(
|
p—(
S
_
— —_—
S— a
2
S|
—— o
(o] —
j—— | N
NN
[ R
— o _
(\”.\
X
~~
. O
NN
N’
el
t4
<
7~~~
LA
BN
3
R

Y — Op)?
i+ 0%

o)

r’uo
e

2
Y

[R{(2)],

Table 2. Values of [R ()], and [ R (2)), as functions of 6, and y, for the centrosymmetric case

[R(2)],
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A study of (25), (29), (31), (34), (38) and (41) shows

where R stands for any one of the normalized R indices,
that these R indices depend on the parameters y, (which

A(y,) is a function of y, and B(o,, y,) is a function of o,
and y,. If y, » 0, A(y,) » 1 and B(g,, y,) - 0 so that

[R], - R as required.

(42)

where R{(z) is given by (PP, 1977)
R{(2) =

function of ¢? (i.e. the fractional contribution to the
local mean intensity from the known atoms), {I4rl)
(i.e. the mean positional error in the atoms of the

is a characteristic of the data) and 0,. o, is in turn a
model) and sin /4. Putting g, = o, (i.e. {14r!)

I results

1cal

f the theoret

.

1IScussion o

3.D

The theoretical expressions for the six normalized R

indices valid for truncated data have been derived in

0) in

(25), (29), (31), (34), (38) and (41). A study of these

these equations, we can obtain the results for the related

case. Similarly, putting o,

equations shows that we can, in general, write the R

0 (i.e. (14rl) large), we

indices applicable to the truncated data in the general

form as

can obtain the results for the unrelated case. The local
values of these R indices (in percent) are given in Tables

2-4 as functions of o, for different fixed values of y,,

(43)

[Rl,=A(y,) [R + B(o,, y)),

Table 3. Values of [3R,(y)], and [ 4R (2)), as functions of 6, and y, for the centrosymmetric case
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0-2 A. The evaluation of
Qe&d

[R], involves the following steps. (i) From an analysis

~

0430

(ldrl)
(RY(z2)],

0015

We shall summarize here the general procedure that
y, == 0400

may be followed for computing the theoretical overall

1977), it would be useful to take care of data truncation

for the calculation of the theoretical overall values of R
indices. In view of (ii) this is particularly true for

incomplete models.

values of R for a given model. During the structure
completion stage, since the atoms added to the model
are subject to positional errors of the order of 0-2 A on
the data. (ii) Determine o? for the given model. For a
structure with similar atoms this may be taken to be

of the F, data, determine the value of y, appropriate to

average, one may set

060

0e85

0-2 A and sin 8/2

I, From a study of these figures, we obtain the

[RAD),

0430
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{l4rl)y
015

Table 4. Values of [R{()], and [R{(2)], as functions of 6, and y, for the centrosymmetric case

y,—> 0400

The variations of the R indices as a function of y, for
different fixed values of o2 have been obtained with the
results in Tables 2—4 and the results obtained are shown
when o is small than when it is close to unity. Since for
the data of actual crystals y, is expected to be in the
neighbourhood of 0-2 (Ponnuswamy & Parthasarathy,

following results. (i) As y, increases the value of R
decreases. However, for y, > 0-3 this decrease is less
marked. (ii) The decrease in R with y, is more marked

since these are needed for evaluating the overall values
in Figs. 1(@)~1(f). These figures have been obtained for

of the R indices for a given situation (see later).

the typical case where
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Fig. 1. Variation of the local values of normalized R indices as a
function of y, for different fixed values of o2. For the definition of

R,(»), R,(2), etc., see column 6 of Table 1.
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DISCREPANCY INDICES FOR TRUNCATED DATA. I

P/N. (iii) Divide the range 0 < s < §_,, into a number
of narrow subintervals. Determine from the data the
number (n,) of observed reflections in each of these
sub-intervals. (iv) From the mean value of sin 6/ cor-
responding to each sub-interval determine the values of
Jo (v) Calculate o, (by taking {ldrl) = 0-2 A) cor-
responding to each of these sub-intervals. (vi) Make use
of the results in Tables 2—4 and determine the values of
[R], for these sub-intervals by bilinear interpolation.
(vii) Make use of the results thus obtained in the ap-
propriate expressions for [R], and compute the overall
values [R],. The values thus obtained represent the
theoretical overall values of the normalized R indices
corresponding to a model for which (I4rl) = 0.2 A
and for data in which yy > y,and 0 <s < §_,..
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Abstract

Theoretical expressions and numerical tables for the

local values of six types of normalized R indices are

obtained for an imperfectly related incomplete model of
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0567-7394/81/040480-06$01.00

a non-centrosymmetric crystal with truncated data.
Under similar conditions, the curve of the local value of
an R index versus the truncation limit y, is relatively
more flat for the non-centrosymmetric case than for the
centrosymmetric case particularly in the region where
Y, is small.
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